
Math 4550[Topic 7-

First Isomorphism Theorem



↳errem(Firstmorphismereahis m

between two groups
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and G
2

Then,
&Yerldim(a)

#out: Let Hakerlet . Digi
Then HG,.

So ,
G/H is a group

Define +: /H-im(4)

by Halt) = 4(a).
Gz

G , /H

↳



iswell-defined.

If: Suppose alt = bH for some a
,

b -G,

Then
,

batt.

Since H = Ker() we have p(ba) = en

where es is the identity of G2
.

So
,

g(b)p(a) = e

Thus , p(u) = q(b) .

Hence,
+(aH) = q(n) = q(b) =

+(bH) .

Wclaim I

is
well-defined.

-ins: ↑ is an isomorphism

If Let a ,
be G. ·rphism

a

-

Then S
+ ((H)(bH)) = + (ab() = g(ab)

= q(a)q(b) = +(a() + (bH)

So
,

t is a
homomorphism.

Let's show that t is one-to-one.

Suppose
+ (aH) = + (bH).



Then p(a) = q(b).

So
, g(b)

"

g(a) = e

Thus ,
g(ba) = es .

So
,

ba Eker() .

Thus
,
ba El.

Hence ,
alt = bH.

Therefore t is one-to-one .

Let's show
that t is onto.

G
,

G
2

Let ye
im(q) .

Then there exists #
XEG ,

with

q(x) = y .

G, /H
G2

Hence xHEG. /H T
and + (xH) = g(x) = y.

Thus
,
t is onto. z
-

By claim 1 and claim 2 the theorem

is proven.-



Ex: Define p:q
+ &

,
where q(i) = z

.

-
defined since I has

Then we get this : order 3 which

divides 9.

24

J .

8
-

23

-
5*-
F,j5 .

H = ker(a)= 50,
5
, 5]

T+ H = [T,
Y

, =Y
I + H = 22,

5
,
5)



2a/H
23

DD
↓ (0 + H) = q(j) = 0

+ (i + H) = q(i) = z

+ (i +H) = y(z) = T

From the theorem,

I is an isomorphism.

#/Ker(a)Eim(4)
= 23 .



Ex: Let 3 : GL(2,
1) -> M

*

be defined by 4(A) = det(A) .

homomorphism
Recall that I is a

with H = ker(q) = SL(z ,
IR) .

*

Thus, GL(2 ,I/H = GL(2 , 1R)/S2(2,
IR)EIR

under the isomorphism + )(5)H) = ad-b

↑

⑰(H)= e(d)

GL(2, 12)/H

↑
~

*

·I

- 0t



= Let 9 :x * - I be given by

q(m,
n) = m -n .

& is a homomorphism since if (a,
bl

,
(d) &X & then

g((a,
b) + (c , d)) = y(a+ c ,

b + d)

= (a+ c) - (b + d)

= (a - b) + (c -
d)

= y(a ,b) + q(c , d)

& is into since given XX we
have

that (X ,
0)E * X* and g(x , 0) = X - 0 = X.

Thus,
im(q) = 2.

By the first homomorphism theorem,

2x4/ker(a) = X
.

What is ker(a) ? We have

ker(q) =((a,
b)) (a ,

b) +XX* and pla,b) = 03

= ((a , b))(a,
b) +2x2 and a- b = 03

= E(n ,b) / (a,
3) EX2 and a = b)

=((x,
x))x + z]



= <(1
,
1)] .

Let H = <(1 ,
1)) = Merkel .

Thenx*/EX.

Under the mapping

↑ ((a ,
b) + H) = y(a ,

b) = a - b

ExampleTalat2) + H) = (4 ,
0) + H

·


